Abstract. The elliptic membranes with fixed boundary are determined, for which the second eigenfrequency is a minimum if the area or if the circumference is prescribed. The results are compared with those of some other shapes. A remark is made about the overtones of elliptic membranes.
Introduction and Problem Statement.
Over the years, the classical membrane problem has not lost its fascination. In spite of a large number of investigations (cf. [3] and the references given therein), there still remain many questions that are natural and can be stated in simple terms. We will present here results of limited scope related to two of these questions, namely results on the second eigenvalue of elliptic membranes, which are fixed along the boundary. It is well known that, among the fixed membranes of a given area, the circle has the lowest principal frequency. The circular shape also furnishes the solution to the isoperimetric membrane problem if the length of the perimeter is prescribed instead of the area.
However, for the second eigenvalue, the situation changes. It has been proved by G. Szegö and reported in [4, p. 336 ] that there does not exist an admissible membrane (i.e., a connected open domain) for which the second eigenvalue attains a minimum, but that the infimum is obtained for the double circle (cf. Fig. 2b ). If the membrane is assumed to be convex, then the solution is not known. But the question can then be asked, whether part of the boundary is straight, and there exists some (numerical) evidence that this might indeed be the case. More is known about the second eigenvalue of a membrane with given circumference. As has been proved in [2] , the isoperimetric shape exists, and the membrane is bounded by an analytic convex curve. Again, the exact curve is not known, but it is likely to be not far from the oval shape sketched in Fig. 3d .
Considering then the state of the problem, it appears worthwhile to give at least the solution of the isoperimetric problems for the second eigenvalue for a particular shape, namely for ellipses. After a short summary of the very simple situation for rectangles (Section 2), the solution for the ellipse and the comparison with other shapes is presented in Section 3. The notation and the results of [6] will be used throughout. In the last section, we take up a question that is only loosely connected with the main topic. How could the sound of a drum be improved, if it were not round but shaped like an ellipse instead? 2. Extremal Rectangular Membranes.
In order to get a feeling for the problem, let us summarize the results for the rectangular mernbrane with sides 2a and 2b Their minima are listed in Tables 3 and 4 , and the corresponding shapes are shown in Fig. 2a and Fig. 3a .
We observe that the solution for the rectangle points in the right direction: for fixed area A, the double square resembles the double circle, and, among convex membranes, the minimum frequency for the rectangle is even surprisingly good, namely, only 2% above the best (known) value. For fixed perimeter L, the minimum does not come near the best value, but at least the indication is clear, that the shape should be only slightly elongated. It turns out to be a little more convenient to use the quarter-circumference / = L/4, so that
Curves with constant area, Eq. (3.1), and with constant circumference, Eq. (3.2), are plotted in Fig. 1 . It is obvious that, in contrast to the principal frequency, the circle is not isoperimetric and the two solutions are different. The shape for a given perimeter is rounder, as was already suggested by the rectangular membrane. The points 'on the curve of X\/2b are obtained by the method described in [6] . For the extremal membrane, we find that s = 16. The results for appropriate 5 values near it are listed in Table 1 , together with
The last line gives the interpolated minimum.
In Table 3 , we list the data for the best ellipse and for some other shapes. It should be mentioned that the value for the slightly shortened double-square capped by two half-circles of radius R was obtained by the Rayleigh-Ritz method and therefore represents an upper bound. .2)) is interpolated and shown on the last line of Table 2 . From the results in Table 4 , we see that the ellipse does not solve the isoperimetric problem: the value for a certain oval is actually lower. But this conclusion can also be reached from [2, Eq. (4.18)], which establishes the relation between the curvature of the isoperimetric shape and the normal derivative of the second eigenfunction <p at the boundary. It is easily shown that if the ellipse were to solve the isoperimetric problem, then the Mathieu function ce,(q, i¡) could be represented as a finite expression of trigonometric functions, and this is clearly not the case.
The method that was used to obtain the results for the oval (essentially an inverse method) is not related to the present investigation and will not be described. But 
The shapes of the membranes listed in Table 4. let us mention that the result in Table 4 (d) represents (as does 3(d)) an upper bound to the true minimum. 4 . A Note on a Harmonious Drum or Timpani. Since the sound of a round drum is not very harmonious, we will show how to construct a better drum or timpani by shaping it as an ellipse. The reason why a string or an organ pipe sounds more pleasant than a drum is obvious; the roots of the trigonometric functions lead to higher harmonics which are simple multiples of the principal frequency, whereas the roots of the Bessel functions do not exhibit this property [5, p. 331] . From the knowledge of the eigenvalues of an elliptical membrane [6, Fig. 1 ], we can determine the relation of the first few higher harmonics to the principal frequency, and the simpler the ratio the better the sound of the instrument. Now, the simplest ratios are easily seen to be obtained for e -» 1; but this is a degenerate case. However, a real elliptic drum or timpani with b/a = 3.8 should have a rather pleasant sound. The principal tone and the first three overtones stand very nearly (well within the scale of equal temperament [5, p. 12] ), in the ratios of 4:5:6:7 (cf. Fig. 1 for the first two values). This corresponds to the harmony GBDF. Furthermore, if the timpani is struck at a point on the major axis, then the two overtones F* and A are not excited, and the following two overtones (G* and C*) are hopefully sufficiently weak.
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